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Abst rac t - -we  prove the existence and uniqueness of a T-periodic weak solution of the nonlinear 
parabolic equation 
ut -~-~ r a [ur(r,s)]2ds r'rur +](u)=O, (r,t) e(O, 1) x(O,T), 
ur(O,t) = ur(1, t) + h(t)u(1, t) = O. 
in a Sobolev space with weight. In the proof, the Galerkin method is employed. Numerical results 
are given. 
Keywords- -Per iod ic  solution, Nonlinear parabolic equation, Galerkin method, Sobolev spaces 
with weight, Numerical results. 
1. INTRODUCTION 
We study the following initial and boundary value problem (i.b.v) 
ut+A(u)+f (u )=O,  0<r<l ,  0<t<T,  
ur(0, t) = 0; ur(1, t) + h(t)u(1, t) = O, 
u(r, O) = u(r, T), 
(1.1) 
(1.2) 
(1.3) 
where 
A(u)=-r - -~ O r a ]ur(r,s)12ds r'rur , (1.4) 
7 > 0 is constant and the assumptions on the functions f (u)  and other properties of the func- 
tions h(t) needed for our purpose will be specified later. 
The authors wish to thank Dang Dinh Ang for his kind suggestions. 
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The following problem has been considered by G. I. Laptev [1] and N. T. Long, A. Pham Ngoc 
Dinh [2]: 
Wt+) , (W)+f (W)=O,  xEf~,  O<t<T 
W=O on c9f l×(O,T) 
w(z ,o )  = Wo( ) 
[a( fo  t ) ] 2(w)  = - v .  I v Wl 2 ds v w , 
(1.5) 
(1.6) 
(1.7) 
(1.8) 
f /being a bounded omain in R ~¢ with a sufficiently regular boundary 012. The problem (1.5)- 
(1.8) with ] = 0 and W0 E H~(fl) has been studied by Laptev [1], the physical interpretation 
of which is that of the penetration of a magnetic field into a substance. We extend the result of 
Laptev in the case W0 E L2(fl) and f E C°(R,R).  In the case W0 E H01(fl) and f E CI(R,R)  
and under the same conditions on the function a as in (1.5), our results extend those of Laptev 
and make clearer the regularity of solutions (1.6). 
In this case, ~ is an open unit ball of R N and the function W(x,t )  depends on (r,t), with 
N x2~1/2 r -= Ix] = (~i=1 ~) , we put 
u(r,t) = u(Ixl,t ) = W(x,t) ,  ~/ = N - 1, 
then 
1 °[(/0' ) ]  ~i(W) = A(u) = -r--ff Or a ]ur(r,s)]2ds r'~ur . (1.9) 
In the case -y = 1 and the function a in the definition of operator A(u) in (1.9) depends only on t, 
i.e., a = a(t), we obtain the Bessel operator (linear) 
with 
(1 )  
A(u)= -a(t) ur~ +-u~ , 
r 
(1.10) 
a(t) >_ a0 > 0, v t e [0, T]. 
In [3], D. Lauerova has proved that with T-periodic data, the following equation: 
ut -a ( t )  u r~+-u~ =f ( r , t ) ,  0<r<l ,  O<t<T,  (1.11) 
r 
associated with the boundary conditions (1.2) and the T-periodic ondition (1.3) has a T-periodic 
weak solution in t. The physical interpretation f (1.2), (1.3) and (1.11) is that of a periodic heat 
flow in an infinite cylinder with the assumption that the cylinder is subjected to a convective 
heat transfer (periodic in time) at the boundary surface (r = 1) at zero temperature. Inside the 
cylinder, there are circular symmetric sources of heat that change periodically. 
In the case f = f(u), ff <_ e (¢ > 0 small enough), we have proved that the problem 
-u~ = f (u ) ,  (r , t )  E (0, 1) x (O,T), (1.12) 
r 
associated with the conditions (1.2), (1.3) has a T-periodic weak solution uniquely in appropriate 
Sobolev spaces with weight. Furthermore, this solution also depends continuously under on the 
functions a(t) and h(t) [4]. 
In this paper, under the same conditions on the function a as in [1] and assuming the function h 
is continuous positive, T-periodic, the function f continuous, f(u) + ¢u nondecreasing for e > 0 
"small," we prove that there exists a unique T-periodic weak solution of the problem (1.1)-(1.4) 
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in appropriate Sobolev spaces with weight. This result slightly generalizes that in [1-4]. At last, 
we present he numerical results. 
2. THE UNIQUENESS AND EXISTENCE 
First, we put ~ = (0, 1). 
Denote by H the real Hilbert space with the scalar product 
~0 
1 
(u, v} = r~u(r)v(r)  dr, 
and denote by V the real Hilbert space with the scalar product 
<u, = v> + v'>, 
(2.1) 
]0-I-F 
with derivatives in the sense of distributions. The norms in H and V induced by the correspond- 
ing scalar products are denoted by [[.II and [[.Jig, respectively. V is continuously and densely 
embedded in H; identifying H with H ~ (dual of H), we have V ¢--* H ¢--* V r. On the other hand, 
the notation (., . / is used for the pairing between V and V t. 
It follows that: 
LEMMA 2.1. There exists two constants C > 0 and K > 0 (depending only on 7) such that: 
I[u'[[ 2 + [u(1)[ 2 _> C[[u[I 2, 
[u(1)[ _< Kl[u[[y, 
REMARK.  
V u e V (2.3) 
V u E V. (2.4) 
1. The result of (2.3), (2.4) proves that ([[u'[[ 2 + [u(1)[2) 1/2 and [[u[[v are two equivalent 
norms on V and 
1 min{1, C}.[[u[[ 2 < [[u,[[2 + [u(1)[ 2 < (1 +g2)  Hu[[~, rue  V. (2.5) -- _ 
2. In defining the function space V with weight r ~, we can also define V as the completion 
of the space 
[[u[[2 y - r ~ ([u(r)[ 2 + [u'(r)[ 2) dr < -boo , 
with respect o the norm [[.[[y (see Adams [5]). In view of this definition, it is sufficient 
to prove (2.3), and (2.4) holds for every u 6 C1([0, 1]). 
PROOF OF LEMMA 2.1. Letting u e C1([0, 1]), we have 
-s~ (u2(s) - u2(1)) = dss [r'r (u2(r) - u2(1))] dr 
(2.6) 
= 2 r~u(r)u'(r)  dr - 2~ r "~-1 dr u(t)u'(t)  dr. 
jfs 1 s~'u2(s) = s~u2(1) - 2 r~u(r)u'(r)  dr 
+ 2"/ r ~-1 dr u(t)u'(t)  dt. 
(2.7) 
(2.2) 
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Integrating with respect o s from 0 to 1, we get 
{{u{{ 2 = _ _  _ f01 u2(1) 2 ds r 'ru(r)u'(r)dr 
7+1 
~01 ~s I ~r 1 + 27 ds r "r-1 dr u(t)ut(t) dr. 
(2.8) 
Inverting variables of integration s and r in the last integral of (2.8), we rewrite that integral as 
follows: 
~01 ~s I ~r I ~01 j~r 1 27 ds r ~-1 dr u(t)u'(t) dt = 2~/ r ~ dr u(t)u'(t).  (2.9) 
We are interested in the integral of right member of (2.9) 
2 7 ~01 r~dr ~r I u(~)u'(t)dt = 2~ ~o I dr ~I (~l~t~u(~)ug(~)d ~ 
~oI ~r 1 _< 27 dr t v [u(t)u'(t)[ dr. 
(2.10) 
From (2.8)-(2.10), we have 
1 f l [lu[[ 2 < u2(1) + 2(7 + 1) dr t~[u(t)u'(t)[ dr. 
-7+1 
(2.11) 
Using the inequality 2ab <_ aa 2 + (1/a)b 2, V a > 0, V a,b • R, we have from (2.11) 
{[u[] 2 < u2(1) ~01 [ ] 
- -  7 + 1 + (7 + 1) O~t~U2(t ) + 1_~ t.rU,2(t ) dr. (2.12) 
Choose a > 0 such that 1 - a(7 + 1) > 0. Put 
C = [1 - a(7 + 1)] (2.13) 
~+I 
then (2.12) implies (2.3). The inequality (2.4) is proved similarly by means of (2.8)-(2.10). 
LEMMA 2.2. The imbedding V ¢--* H is compact. 
PROOF. Consider the sequence of open sets ~m = (1, 1/ (m + 1)), we define 
| 
r * (m)  = sup { IlullH(~m> : u • c1( [0 ,11) ,  []u[Iv = 1,  supp u C ftm}, (2.14)  
with 
[[u[[H(f~m):l~ol/m+lr'r[u(r)[2drl 1/2 (2.15) 
By the theorem of Edmuns and Evans [6], to prove this embedding V ¢--, H is compact, we have 
to prove that: 
lim r*(m) =0. (2.16) m~q-oo 
Indeed, let u • C1([0, 1]), [{ully = 1, supp u C f~m, we have 
I/m 
u(t) = - u'(s) ds, 
Jt t e a~. (2.1z) 
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By the Cauchy-Schwarz inequality, it follows that: 
lu(t)12 < (~- - t )  f 1/., _ lu'(s)t 2 ds. (2.18) 
Therefore, 
2 1/m (_~) f l /m 
IIUIIH(fL~) __~ f t "/ --t lu'(s)12ds. 
JO Jt 
Inverting variables of integration t and s of the integral of R.H.S. of (2.19), we have 
(2.19) 
2 ~ f l /m s 
~ s~lu'(s)l 2ds - t dt ~ Ilul]~ 2m 2 - 
J0 
1 
2m 2" 
It follows that 
1 
F* (m) < ~mm -~ 0 as m --* +oc. 
The proof of Lemma 2.2 is completed. 
We denote 
7-/= L2(0, T; H), 
~)' = L2(0, T; V ~) 
1) = L2(0, T; V), 
is dual of 1). 
The notation [g, v] is used for the dual product of g E 1; t and v E ]; or scalar product in 7-/of g, 
v c T/i.e., 
[g, v] = (g(t), v(t)) dt, V g, v • ~, V g E •', V v E ];. (2.20) 
We also note that, from the results of Lemma 2.2 and the compactness lemma of J. L. Lions [7], 
the following embedding is compact: 
W(0, T) ~ ~/, (2.21) 
with 
vt E 1) ~ " 
We make the following assumptions: 
A1 a in CI(R+, R) satisfies the following conditions: 
(i) 
(/0 b = s la'(s)l 2 ds 
(ii) there exists a0 > 0, al > 0 such that 
< q-o¢; 
(2.22) 
2b<ao<_a(s)<_al, Vs>O.  
A2 h(t) in C°(R, R), T-periodic satisfies 
(i) h(t) > 0, Vt e [0, T]; 
(ii) hl/ho < ao/2b, where hi = max h(t)o<t<T and h0 = min h(t)o<t<T. 
A3 f in C°(R, R) satisfies the following conditions: 
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(i) f(u) + eu is nondecreasing, with ¢ such that 
0 < e < min{C0, C1}, 
where 
1 
Co = ~ ao. min{1, ho}. min{1, C}, 
C1 = C. min{ao - 2b, aoho - 2bhl}, 
with C being the constant defined in Lemma 2.1. 
(ii) f takes bounded sets of ~; into bounded sets of ~/. Consider the operator A defined 
by (1.4) associated with the boundary conditions (1.2): 
/? (/o ) [A(u), v] = dt a lur(r, T)[ 2 dT .r~u~vr dr 
+ foT a (fot ,h(T)U(I,T)]2dT).h(t)u(l,t)v(l,t)dt, for all u, v E V. 
(2.23) 
LEMMA 2.3. We have the following inequality: 
PROOF. 
9•o 
T 
(ao - 2b)llUr - Vrll 2 + (aoho - 2bhl) lu(1, t) - v(1,t)l 2 dt 
_< [A(u) - A(v), u - v] <_ (al + 2b)Hur - vri[~ 
+ (al + 2b)hl lu(1, t) - v(1,t)12dt, 
for all u, v E ~, for every T > 0. 
We decompose the operator .4 into the sum of two operators: 
(2.24) 
A(u) =AI(u)  +A2(u), (2.25) 
with 
[Al(U),V]= dt a ]u~(r,T)]2dT r~urvrdr, 
[A2(u), v] = ~T a ( fo ~ ]h(T)U(I, T)[ 2 dr)h(t)u(1,t)v(1, t)dt. 
(2.26) 
(2.27) 
1. With the operator A1, let u,v E V. Put w = u - v, 
Jl = a lur(r, T)I2 dT ur -- a Ivr(r, r)l: dv Vr, (2.28) 
we have 
Using the formula 
/o F /o I 11 = [AI(u) - AI(V), u - v] = dt Jl.r~wr dr. 
F (u ) -  F(v)= ~ol d F(v+aw)da 
(2.29) 
(2.30) 
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with w = u - v, we rewrite 
where 
L1 L 1 Os J1 = a(S)Wr da + a'(s) ~aa.(vr + aw~) da, 
L 
t 
s = s (x , t ,a )  = Iv~ +aw~12dr. 
Consider the integral 11 (in (2.29)) 
where 
We will prove that 
Indeed, we have 
It follows that 
L 'L  ' L' I1 = dt rTw 2 dr a(s) da + Ki,  
i / io'  L' K1 = dt r~w~ dr a'(s) Os ~aa (vr + awr) da. 
Igll _< 2bllwrll~. 
K1 = da dt r.U2w~.rT/2a,(s) Os ~a (vr + aw~) da. 
IKxl 2 < Ilwrll~ do dt r7 la'(s)l 2 I(w + awr)l 2dr. 
(2.31) 
(2.32) 
(2.33) 
(2.34) 
(2.35) 
(2.36) 
(2.37) 
Note that, from (2.32) we have 
i )822Lt  dr 2 L t = 2 dr. (2.38) Oa (vr + awr)wr <_ 4s w~ 
Inserting (2.38) into (2.37) and inverting the variables of integration and t, we get 
IKxl ~' ~ 411~,-I1~ da dr rTw2r dT S Io/@)1 ~ ds 
Js(x,r,o') (2.39) 
< 411w~ll~ dr rTw~dr s la'(s)l 2 ds. 
By the assumption At, (2.39) implies (2.35). Using the assumption A1, from (2.33) and (2.35), 
it follows that 
a01iwrH~ - Ig l l  <_ I1 <_ alliw~ll~ + Igll. (2.40) 
This inequality implies 
(a0 - 2b)llw.ll~ < [Al(u) - Az(v),u - v] < (al + 2b)llw.ll~. (2.41) 
2. Proving similarly for operator A2, we obtain 
[ (aoho - 2bhl) W2(1, t) dt < [A2(u) - A2(v), u - v] 
L 
T (2.42) 
_< (al + 2b)hl W2(1, t) dt 
Vu, v E T-I. 
The Lemma 2.3 is completely proved. | 
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LEMMA 2.4. For every u, w • ~2, we have 
(i) 
lim [A(u + AT), w] = [A(u), w]; (2.43) 
A-+0+ 
(ii) there exists a sequence {Am}, Am > 0, limm--.oo, Am = 0 such that 
lim [f(u + Amw), w] = [f(u), w]. (2.44) 
~T~"-~ OO 
PROOF. 
(i) Part (i) is contained in Lemma 2.3. 
(ii) Consider the real sequence {Am}, 0 < Am _< 1 and limrn--.oo, Am = 0. Note that 
u + AmW ~ w in ~ strongly. (2.45) 
Hence, we can extract a subsequence from sequence {Am} still denoted by {Am}, and by the 
continuity of f ,  we have 
f (u  + AmW) -+ f(u)  a.e. in QT --- f~ x (0, T). (2.46) 
Note that, from (2.45) and the assumption A3, (ii), we have that 
f (u  + Amw) is bounded in 7-/by a constant independent of m. (2.47) 
We shall now require the following lemma [7]. 
LEMMA 2.5. Let 0 be a bounded open set C R N and gin, g • Lq(o) (1 < q < oo) such 
that [[gm[[nq(o) ~-- C, where C is a constant independent of m and gm --~ g a.e. in O, then gm --* g 
in Lq(O) weakly. 
Applying Lemma 2.5 with N = q = 2, 0 = QT, gm= X/-~f(u + AmW), g ---- X/~ W f (u) ,  we 
deduce from (2.46) and (2.47) that 
f (u  + AmW) --~ f(u) in 7-I weakly. (2.48) 
Thus, Lemma 2.4 is proved completely. | 
We have the following theorem. 
THEOREM 2.6. Let assumptions (A1)-(Aa) hold. Then, there exists a unique function u • 
~) N L°°(O, T; H) with the derivatives ut • ~;~ satisfying the equations 
Jut, v] + [A(u), v] + If(u), v] = 0, V v • Y, 
u(O) = u(T). 
(2.49) 
(2.50) 
PROOF. The proof of the theorem is a combination of compactness and monotony arguments 
and consists of several steps. 
STEP 1. (The Gaierkin method) 
Denote by Wj, j  = 1,2 . . . .  the infinite orthonormal base in the separable Hilbert space V. 
Let Vm be the linear space generated W1, W2, . . . ,  Win. We consider the following problem. 
Find a function urn(t) in the form 
m 
u (t) = (2.51) 
j=l 
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satisfying the nonlinear differential equation system: 
(u~(t), Wj) + <a (fot lUmr(r, T)12 d'r) Urnr, Wjr) 
+ a (fot ,h(~')Um(1, T)l~dT) h(t)um(X, t)Wj(1) 
+ (Y(um(t)), W~) = 0, for j = 1, 2 , . . . ,  m, (2.52) 
and the T-periodic condition: 
urn(O) = urn(T). (2.53) 
We consider an initial value problem given by (2.52) and 
urn(O) = Uom, (2.54) 
where Uom is (for every m) given in Vm. 
It is clear that for each m, there exists a solution Urn(t) in the form (2.51) which satisfies (2.52) 
and (2.54) a.e. on [0, Tm] for some Tin. The following a priori estimates allow us to take Tm 
equal to T. 
STEP 2. A priori estimates. 
Multiplying the jth equation of the system (2.52) by Crnj(t), then adding these equations 
for j = 1,2, . . .  ,m, we have: 
2 dt Ilum(t)ll2+ a lum,(t,T)t2d'r r;lumr(r,t)]2dr 
(2.55) 
(I' ) + a Ih(r)u.,(1,r)12dr h(t)u2(1,t) + <f(um(t)),um(t)> = O. 
b-~om the assumptions A1, A2 and (2.5), it follows that 
fol a ( fot lUm~(t,T)12 dT) r~'Urnr(r,t)12 dr 
(2.56) 
+a "-(Jot Ih(~')um(1, T)I 2 dr)" h(t)u 2 (1, t )>  Collumll~ 
holds for every m and every t, where Co is the constant in the assumption A3, (i). Using the 
assumption A3, (i), we have: 
<y(um(t)), urn(t)> > -(2~ + ~)tlu.~(t)ll ~ 
If(0)l 2 
/3(3, + 1) 
> -(2~ +/~)llum(t)ll~ K(0)I2 
- ~(~/+ 1)  for every/~ > 0, for all m. 
~'(0' + 1)" 
Hence, from (2.55)-(2.57), we obtain 
dt Hum(t)[[2 + (2C0 - 2e - ~)[tUm(t)[[ 2 <_ If(0)[2 
By the assumption A3, (i), we have 0 < ~ < Co, thus we can choose B > 0 such that 
c2  = 2(c0  - ~) - ~ > 0. 
(2.57) 
(2.58) 
(2.59) 
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Hence, from (2.58),(2.59) we obtain 
d 
d-'t IlUrn(t)ll2 q- c2]lurn(t)ll2 <~ - -  
since II.ll-< II.llv. 
Integrating (2.60), we have 
where 
R _ 
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If(0)l 2 
/~(3' + 1) 
Ilurn(t)ll 2 <_ R 2 + (lluornll 2 - R 2) e-e2t ,  
If(0)l (R independent of m and t). 
V/Z(7 + 1)C~ 
(2.60) 
(2.61) 
, Srn(o, R),  
, urn(T).  (2.63) 
Let uorn and Vom E Bin(O, R) and ¢Pm(t) = Urn(t) -vrn(t), where urn(t) and vrn(t) are solutions 
of the system (2.52) on [0,T] satisfying the initial conditions urn(0) = uorn and vrn(O) = vorn, 
respectively. Crn(t) satisfies the following differential equation system: 
(¢~( t ) ,  Wj) A- <a (~0 t ]urnr(t, 7")]2 d'r) Urnr - a (fot ,Vrnr(t, T)]2 d'r) Vrnr, Wjr> 
4- [a (fot [h(T)Urn(l' T)'2 dT) urn(l't) (2.64) 
-- a (fOt ,h(T)Vm(1, T)]2 d7 ") Vrn(l,t)] h(t)Wj(1) 
+ (f(urn(t)) - f(vrn(t)), Wj) = O, 1 < j < m, 
with the initial condition: 
Cm(0) = Uorn - Vorn. (2.65) 
By using Lemma 2.3 and assumptions A1-A3, we can show that 
IlCrn(T)ll 2 - IlCrn(0)ll 2 + 2(ao - 2b)llCmrll~ 
fo T (2.66) + 2(aoho - 2bhl) ICrn(1, t)l 2 dt - 2~llCrnll~ _< 0. 
Using Lemma 2.1 and assumptions A3, it follows from (2.66) that 
IlCrn(T)ll 2 - IlCrn(0)ll 2 + 2(CI - ~)llCrnrll~ --- 0. (2.67) 
Since ¢ < C1, from (2.67) we obtain: 
IlCrn(T)ll < IlCm(0)ll, 
j = 1,2, . . .  ,m, with the norm tl.]1. Let us define 
Fro: Brn(O, R) 
Uor n t 
We show that Fm is continuous. 
Therefore, if we choose uom such that Iluornll <_ R, we obtain from (2.61) that: 
Ilum(t)JI < R, (2.62) 
i.e., Tm = T. 
Let /3m(0, R) be a closed ball in the space Vm of linear combinations of the functions Wj, 
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or  
Ilurn(T) - vrn(T)ll _< Iluorn - vornl l .  (2.68) 
Hence, Frn : Brn(O, R) ~ /3rn(0,R) is continuous. By a fixed point theorem arguments, 
we have (for every m) a function Uorn E /~rn(0, R) such that the solution of the initial value 
problem (2.52) and (2.54) is a periodic solution of the system (2.52). This solution satisfies the 
inequality (2.62) a.e., in [0, T] and consequently, by (2.58) we have 
Ilurnllv ~ c3, (2.69) 
where C3 is a constant independent of m. 
Hence, the sequence {urn} is bounded in the space 
fq L°°(0, T; H). (2.70) 
Recalling that the operator A is defined by (2.23), from the assumptions A1, A2 and Lemma 2.1, 
we have 
IIA(u)llv, = sup I[A(u),v]l < al.max(1, hlK)llullv. (2.71) 
v~v,v~0 Ilvllv - 
Combining (2.69), (2.71) we obtain 
IIA(urn)llv, ~ c4, (2.72) 
where C4 is a constant independent of m. By assumptions A3 (ii), it follows that 
tl/(urn)ll~ < c5, (2.73) 
where C5 is a constant independent of m. From the approximated problem 
! 
u m + A(um) +/(urn) = 0, (2.74) 
we deduce that 
[[u'~[] v, ~ []A(urn)l[u, + I[f(Um)[[v'. 
From (2.72), (2.73) and (2.75), it follows that 
with C6 independent of m. 
STEP 3. Limiting process. 
(2.75) 
tIu~llv, <_ C6, (2.76) 
By (2.62), (2.69), (2.72) and (2.76), we can extract a subsequence of {urn} still denoted by {urn} 
such that: 
Ur, , U in L°°(O,T,H) weak*, (2.77) 
urn ~ u in )2 weak, (2.78) 
P U! ~ l  u m , in weak, (2.79) 
A(um) ' X in Y' weak. (2.80) 
Using a compactness lemma [7] applied to (2.78) and (2.79), we can extract from the se- 
quence {urn} a subsequence still denote by {urn} such that 
um --* u strongly in 7~. (2.81) 
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By the Riesz-Fischer theorem, we can extract from {urn} a subsequence still denoted by {urn} 
such that 
Um , u a.e. in QT. (2.82) 
Applying Lemma 2.5 with N = q = 2, 0 = QT, gm= v~f(Um)  and g = x/~f(u) ,  we deduce 
from (2.73), (2.82) that: 
f(Um) , f(u) in 7-/weak. (2.83) 
From (2.53), we get that the identity 
u(O) = u(T) (2.84) 
holds. 
Denote by {g~} = 
set {giwj i , j  = 1, 2,. . .  } forms an orthonormal base in Y. 
From (2.52), we have 
i = 1, 2, . . .  the orthonormal base in the real Hilbert space L2(0,T). The 
Then we have 
Let i , j  fixed. Taking into account (2.77)-(2.80) and (2.83) and passing to the limit as m ~ +co 
(2.85), the equation 
[u',giWj] + [x, giWj] + [f(u),giWj] = O (2.86) 
Note that 
holds, for every i , j  E N, i.e., the equation 
[~', v] + [x, v] + [f(~), v] = o,  v ~ c v (2.87) 
holds. 
Then, if we want to prove the existence of solution of the problem (2.49), (2.50), we only prove 
that 
X = A(u). 
Indeed, from Lemma 2.3 and assumptions A1-A2, we obtain 
Xm = [A(um) -A(v),Um -v]  > O, 
[u',  ~m] = 0. 
[A(um), urn] = -[/(urn), urn]. (2.89) 
It follows from (2.81), (2.83), (2.87) and (2.89) that: 
lim [A(um), Urn] = --[f(U), U] = IX, U]. (2.90) 
r t  "--~ OO 
Hence, by (2.78), (2.80), (2.88) and (2.90) we have 
[x -A(v ) ,u -v ]= lim Xm_>O, VvEV.  (2.91) 
n" -+ OC 
In (2.92), if we choose v = u-)~mW with w E ~), A,,~ being the sequence defined in Lemma 2.4, (ii) 
and use Lemma 2.4, (i), we conclude that 
vv c v. (2.88) 
X = A(u). 
[u',g~Wj] + [A(um),g~w~] + [f(u~),g,w3] = O. (2.85) 
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STEP 4. Proof  of uniqueness. 
Let u and v be two solutions of the problem (2.49), (2.50). 
following problem: 
Then w = u - v satisfies the 
[w', ¢] + [A(u) - A(v), ¢] + [f(u) - f(v),  ¢] = 0, V¢ e );, (2.92) 
w(O) = w(T), (2.93) 
V t ~/. with u,v 6 Y N L~(O,T;H) ,  u', c Taking • = w in (2.92) and using (2.93) and the 
assumptions Az-A3, we get 
2(61 - -  ~)llwll~ ~ o. 
Since e < Cz from (2.94), we obtain w = 0, i.e., u - v. 
completely. 
Therefore, the theorem is 
(2.94) 
proved 
| 
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3.  NUMERICAL  RESULTS 
Consider the problem 
1° [ ) ] 
ut a ]u~(r,s)[2 ds ru~ + f(u) = F(r,t), 0<r<l ,  0<t<T,  (3.1) 
r Or 
u~(O,t) = u~(1,t) + u(1,t)  = 0, (3.2) 
u(r, O) = u(r, T), (3.3) 
where 
We have 
a(s) - s + 2 and F(r, t) e L2(Q), Q = (0,1) x (0, T). 
s+ l  
(f0 ~ ) 1/21 b = s[a'(s)] 2 ds = -~ and 1 < a(s) < 2. 
In (3.2), the function f(u) is taken such that  the conditions A.3 are satisfied. We choose in the 
equation (3.2) 
F(r,t) =ut -  ,g+ 1 ,  urr + ur+f (u) ,  (3.4) 
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where 
f (u)  = lu[ I/2 sgn(u) - eu + 1, 
u = u(r, t) = (1 + ar)e -'~" sin 2~rt, 
e = 10 -3, 
(1 + x/~ 
2 
9 = 9(r,t) = ~a 4 -2~r2 ( t  sin~l~4~rtj. 
(3.5) 
(3.6) 
The exact solution of the problem (3.2)-(3.3) with F(r,t)  and f (u)  defined in (3.4) and (3.5) 
respectively, is the function u given in (3.6) and which is periodic of period T = 1. To solve 
numerically the problem (3.1)-(3.3), we consider the nonlinear differential system for the un- 
knowns uk(t) = u(rk, t), rk = (k - 1)h, h = l /N :  
dul g(rl, t) + 2 
dt g(rl, t) + 1 Urr ( r l ,  t) -- f (U l )  + F(rl ,  t), 
duk _ g(rk, t) + 2 [ 9r(rk,t) 9(rk, t) + 2 ] (3.7) 
dt 9(rk,t) + 1 u~(rk , t )  - L (g(rk,t) + 1) 2 rk(g(rk,t) + 1)J .u~(rk,t) 
- f (uk) + F(rk,t) ,  k = 2 , . . . ,N ,  
with 
UN UN+I -- 
h+l '  
uk(O) = O, 
~0 tg(rk, t) = [u~(rk, s)l 2 ds. 
To solve the nonlinear differential system (3.7) at the time t = to + At, we use the following 
double (in to and n) linear recursive scheme generated by the nonlinear terms 
dul,n 4 4 
d----~ = - h -~ ul,n(t) + -~ u~,n(t) - f(Ul,n-1) + F(r l ,  t) 
= hgk 1+ , j 
+~-~ 1+ .Uk+l ,n( t ) - - f (Uk,n_ l )+F(rk , t )  
k=2, . . . ,N ,  
uk,~(to)  = ak, ,o,  
with 
&,~o = 1 + g(rk, to) + At.u~(rk, to).  
7k,to = gr(rk, to) + 2At.u~(rk, to).Ur~(rk, to). 
We start with the initial conditions 
(3.8) 
to = 0, ak,0 = 0, 
Ur(rk,O)=Urr(rk,O)=O, k=l ,2  . . . .  N. (3.9) 
The linear differential system (3.8), (3.9) is solved by searching its eigenvalues and eigenfunc- 
tions. For a step h = 1//20, we obtain the curves in Figure 1 for the approximate solution uk(t) 
and for the times t = 0.05, 0.75, respectively. We have also drawn in Figure 1 the exact solu- 
tion for the time t = 0.75. The corresponding error is smaller than 0.62.10 -2. Always with a 
step h = 1/20 on the interval [0, 1] and for t E [0.05, 1.10], we have drawn the corresponding 
approximate surface solution: (r, t) ~-~ u(r, t) in Figure 2. 
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